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Abstract 



Starting from the quantitative stability result of Bianchi and Egnell for the 2-Sobolev inequal- 
ity, we deduce several different stability results for a Gagliardo-Nirenberg-Sobolev inequality in 
the plane. Then, exploiting the connection between this inequality and a fast diffusion equation, 
we get a quantitative stability for the Log-HLS inequality. Finally, using all these estimates, we 
" t^ , prove a quantitative convergence result for the critical mass Keller-Segel system. 

0\ ■ 1 Introduction 

t^ I Let VK^'-^(M") denote the space of measurable functions on M" that have a square integrable distri- 

butional gradient. The Gagliardo-Nirenberg-Sobolev (GNS) inequality states that, for n > 2 and 
all 1 < p < q < r{n) (with r(2) := oo, and r{n) := 2n/{n — 2) if n > 3), there is a finite constant 
C such that for ah u G W^''^(W), 

"3: \\n\U<C\\u\\l-%Vut (1.1) 

c^ , 

where 

1 e i-e , , 

- = ^^ + • 1-2 

q r[n) p 

For n > 3 (so that r(n) < oo), (jl.ip is valid also for q = r(n), in which case (jl.2p gives 6=1 and 
(jl.ll) reduces to the Sobolev inequality 

ll^llL/(n-2) < •5n||Vu||i , (1.3) 

for which the sharp constant Sn is known. 
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The are a few other choices of the p and q for which sharp constants are known. For p = 1 and 
q = 2, (jl.2p gives 6 = n/{n + 2), so that (jl.ip reduces to the sharp Nash inequahty [11] 

||"'||2 — ^^Il^"'ll2 II 111 • \ / 

(This inequahty is vahd also for n = 1, even though r(l) is negative.) 

More recently, the sharp constant has been found [TS] for a one-parameter family of GNS 
inequalities for each n > 2: For t > 0, let p = t + 1, and let q = 2t. Then 



|i-e n_ ri{t- 1) 

'*+! ' t[2n-(l + t)(n-2)] 



|n||2t<^„,i||Vn||^||n||i-f, = -^- -^— ^ —. (1.5) 



(This inequality is a trivial identity for i = 1, and is valid even for t < 1/2, in which case p < 1 so 
that strictly speaking, for < t < 1/2, the sharp inequality is not included in (11.111 .) 

It turns out that there is a close relation between the sharp Sobolev inequality ()1.3p and the 
family of GNS inequalities (jl.Sp . One aspect of this is that the functions u that saturate these 
inequalities are simply powers of one another: The optimal constant 5„ in (jl.3p is given by [Tj 1261127] 

S^ = """''^"/("-^^ where v{x) = (1 + |x|2)-("-2)/2 , (i.e) 

\\vv\\2 

and moreover, with this value of Sn, there is equality in (|1.3p if and only if n is a multiple of 
v{pi{x — xq)) for some fi > and some xq S M"'. 

Likewise, for t > 1 the optimal constant An^t in (|l-5p is given by [15] 

^-.* = „ J^tl ,„ where v{x) = (1 + |x|2)-V(*-i) , (1.7) 

Irlli+l 11^*^112 

and moreover, with this value of An^t, there is equality in (jl.Sp if and only if u is a multiple of 
v{iJ,{x — Xq)) for some n > and some xq £ M". However, this is a very particular feature of this 
family: the sharp Nash inequality has optimizers of an entirely different form; see |llj . 

Another aspect of this close relation between p.3p and (|1.5p is that both inequalities can be 
proved using ideas coming from the theory of optimal mass transportation [14j. To apply these 
kinds of ideas, one should consider (jl.Sp and (|1.5p as inequalities for a mass density p{x) := \u{x)\'^. 
(Throughout this paper, by a density we mean a non-negative integrable function.) More precisely, 
it turns out for r > 1 — 1/n, that the functional 



1 



1 



p^{x)dx 



is convex along the displacement interpolation pt, < t < 1, between two densities po and pi of 
the same mass on M" ^24]. Taking poix) = v'^{x) with v as above, and taking pi{x) = u'^{x) where 
M is a non- negative function with \\u\\q = ||f||g, the "above the tangent line inequality" for convex 
functions translates into (jl.3p and (jl.5p . as shown in [14J. 

In this paper we are concerned with the stability properties of the GNS inequalities (|1.5p . and 
the applications of this stability to certain partial differential equations. In fact, because of its 
connection with the Keller-Segel equation that we consider here, we shall focus only on the n = 2, 
t = 3 case of (11.51). 
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This case may be written explicitly as 

vr / u^{x)dx < ( I |Vu(x)pdx ) ( / n*(x)dx ) , (li 



where u, here and throughout the rest of the paper, is a non-negative function on M?. 

1.1 DEFINITION (GNS deficit functional). Given a non-negative function u in W'^'^{R^), define 
i^GNsM by 

domiu] := ( f \Vu\^dy] ( f u^dy] - (tt I u'^dy^ . (1.9) 



Also, for A > and xq G M^, define 

t'A,xo:=(l + A2|x-xoP)-^/^ (1.10) 

Also, throughout the paper, we use v{x) to denote the function vi^; i.e., 

i'(x) :=(l + |x|2)-i/2 . (1.11) 

By the theorem [15] of Del Pino and Dolbeault, (5gns[^] > unless u is a multiple of fA,a;o for 
some A > and some xq € M^. The question addressed in this paper is: 

• When 5gns W\ = is small, in what sense must u be close to some multiple of v\^xo ? 

As indicated above, it is natural to think of the GNS inequality as an inequality concerning 
densities p, and hence it is natural to think of (5gns in this way too. However, associated to each 
u there are two natural densities to consider: p{x) = u^{x) and o"(x) = u^(x). Indeed, u^ is the 
density with appears in the optimal transportation proof (and, for scaling reasons, it is the "natural" 
quantity to control using the deficit), while u^ is the density which appears in the application to 
the Keller-Segel equations. Therefore, our notation refers to (5gns as a function of u. 

Our first main result is: 

1.2 THEOREM. Let u E Ty"^'^(M^) he a non-negative function such that \\u\\q = \\v\\q. Then there 
exist universal constants Ki,5i > such that, whenever ^GNsi""] ^ ^i; 

inf \\u^ - A^^e 11^ < K,5Gm[u]'/'- (1.12) 

A>0,a:oeM2 ' " 

1.3 Remark. Actually, since ||A^u^^ ||i = ||f^||i and \\u^ — A^u ^ ^ ||i < ||u^||i + \\v^\\i = tt for all 

1/2 

A > 0, (|2.17p holds with Ki = vr/fJ^ whenever (5gns[^] ^ ^i- So, up to enlarging Ki, (|2.17|) always 
holds without any restriction on 5gns[^]- Moreover, also the sign restriction on u is superfluous; 
see e.g. |23j or [131 Proof of Theorem 1.1] for a finer result. However, since for the applications we 
have in mind u will always be nonnegative and we are only interested in the regime when (5gns[^] 
is small, we have chosen to state the theorem in this simple form. 

To obtain a similar result for the density u'^{x), we need to require additional a-priori bounds. 
Essentially what we need is some sort of bounds ensuring uniform integrability of the class of 
densities satisfying the bounds. For the PDF applications we have in mind, it is natural to use 
moment bounds and entropy bounds. 

Define 

Np{u)= |y|V(2/)dy and S{u) = u^\og{u^)dy . (1.13) 
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1.4 THEOREM. Let u G W^''^{M?) be a non-negative function such that ||n||4 = ||f||4. Suppose 
also that for some A,B<oo and some 1 < p < 2, 

S[u] = f n^log(u^)dx <A<oo and Np[u] := I |y|V(y)dy < B < oo . (1.14) 

JM2 Jr-2 

Moreover, assume that 

yu'^dy = . (1.15) 



Then, for constants K2,d2 > depending only on p, A, and B, whenever (5gnsM ^ ^2, 

ini\\u'-X^vih<K,5[4^l^'^'^K (1.16) 

Moreover, there is a constant a > 0, depending only on A and B, such that the infimum in lil.16]) 
is achieved at some X S [a, 1/a]. 

To explain how to prove these results, let us first recall that a stability result for the sharp 
Sobolev inequality p.3|) has been proved some time ago by Bianchi and Egnell J3]. It states that 
there is a constant C„, n > 3, so that for all / G W^''^{W^), 

l|V/||^ - 5n||/|lL/(n-2) > Cn mf ||V/ - cVh,,,jl (1.17) 

where 

V,xo(x):=(l + /.V-^o|')~("-'^/'. 

The proof uses a compactness argument so there is no information on the value of C„. On the 
other hand, the metric used on the right hand side in (J1.17p is as strong as one could hope for, and 
in this sense the result of Bianchi and Egnell is remarkably strong. 

Unfortunately, the fact that typical GNS inequalities involve three norms and not two, prevents 
any direct adaptation of the proof of Bianchi and Egnell to any of the other cases of the GNS 
inequality for which the optimizers are known. Moreover, other recent proofs for stability based on 
optimal transportation [l7j or symmetrization techniques [191 ISOl ESI [H] did not produce (at least 
up to now) any results in this situation. 

However, it has recently been shown [3] that one may deduce the sharp forms of the GNS 
inequalities in ()1.5p from the sharp Sobolev inequality (|1.3p . Of course, it is quite easy to deduce the 
GNS inequalities with a non-optimal constant from the Sobolev inequality and Holder's inequality. 
The argument in [3], which we learned from Dominique Bakry, is more subtle: In particular, as we 
explain in the next section, one deduces the particular two-dimensional GNS inequality (11. Sp from 
the four- dimensional Sobolev inequality. 

This derivation of (|1.8p provides the beginnings of a bridge between the Bianchi-Egnell stability 
result for the Sobolev inequality and our theorems on stability for (|1.8p . Building and crossing the 
bridge still requires further work, and this is carried out in Section 2 of the paper where we prove 
Theorems 11.21 and 11.41 

The third section of the paper concerns two evolution equations and three functionals, all with 
close connection to the GNS inequality (jl.Sp . The two equations, both describing the evolution of 
mass densities on M^, are: 
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(1) A two dimensional fast diffusion equation: 

-^it,x) = Ay/a{t,x) + 2J-^dw{xa{t,x)) . (1.18) 

Here k and M are positive parameters that set the scale and mass of stationary solutions, as we 
shall explain. (It will be convenient to keep them separate). 



(2) The Keller-Segel equation: 

dp 

where 



{t, x) = div [Vp(t, x) - p{t, x)Vc{t, x)] , (1.19) 



c{t, x) = --— log |x - y\p{t, y)dy . 

The fast diffusion equation (jl.lSp has the steady state solutions 

, , M K , , 

cT«,Af(x) := — —-2 . (1.20) 

vr (k+ |x|"^) 

Note that f^2 c^K,M{x)dx = M for all n. 

The densities in (jl.20p with M = Sir are also the steady states of the Keller-Segel system (|1.19p . 
and M = Svr is the critical mass for (jl.lOp : If the initial data has a mass less than Svr, diffusion 
dominates and the solution diffuses away to infinity; if the initial data has a mass greater than Stt, 
the restoring drift dominates and the solution collapses in finite time [I6j . 

We now remark that each ctk^m is the fourth power of a GNS optimizer; equivalently, they 
are multiples of the densities f ^ that figure in Theorem 11.41 This is the first indication of a close 
connection of these two equations to one another and to the GNS inequality (II. Sp . 

To go further, we note that both of these equations are gradient flow for the 2-Wasserstein 
metric in the sense of Otto |25] . (For this fact, and further background on the Wasserstein metric, 
gradient flow, and these equations, see [B].) 

The fast diffusion equation is gradient flow for the functional 'Hk,m, where: 

1.5 DEFINITION (Fast diffusion entropy). 

^k.mM := / , — — . ^ dy (1.21) 

It is evident that TiK,M[o'] is uniquely minimized at a = cTk^m, and it is very easy to deduce an 
L^ stability result for this functional; see [6]. 

On the other hand, the Keller-Segel system is gradient flow for the following "free energy" 
functional: 

-^KsM = / pix)\ogp{x)dx + -— p{x)log\x-y\p{y)dxdy . (1.22) 

We are concerned with the critical mass case M = Svr, in which case this coincides the the 
logarithmic Hardy-Littlewood-Sobolev (Log-HLS) functional: 
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1.6 DEFINITION (Log-HLS Functional). The Log-HLS functional T is defined by 

•^[p] •= / p{x)logp{x)dx + 2 [ / p{x)dx] // p{x)\og\x — y\p{y)dxdy 



on the domain consisting of densities p on M? such that both plnp and pln(e + |xp) belong to 
L^(M^) (we define T[p] := +oo otherwise). 

The logarithmic HLS functional J- is invariant under scale changes: for a > and p in the 
domain of T, T[p] = J^[p(a)] for all a > 0, where p(^a) '■= a^p{ax). In particular, J^[(Tm,k] is 
independent of k. One computes [3 [10] 

-^kA/,«] := C{M) = M(l + log vr - log(M)) . (1.23) 

The sharp Log-HLS inequality [71|TU] states that F[p\ > C{M) for all densities of mass M > 0. 
Moreover, there is equality if and only if p{x) = (Ti^^m{x — xq) for some k > Q and some xq G M^. 
Thus, among densities of fixed mass M, the o"k,m are the unique minimizers of J-. However, in 
contrast with the fast diffusion entropy TIk^m, is not so simple to deduce an L^ stability result for 
the Log-HLS inequality (i.e., for the minimization problem associated to J- at fixed mass). One of 
the main results proved in Section 3 is a stability result for this inequality; see Theorem 11.91 below. 

The fact that the fast diffusion equation (jl.lSp is a gradient flow for "Hk.m implies that 
T~iK,M[o'{-,t)] is monotone decreasing along solutions of (ll.lSp with initial data for which 
^k,m[c(')0)] is finite. Likewise, the fact that the Keller-Segel equation is a gradient flow for 
the functional J-ks implies that the Log-HLS functional J^[p{-,t)] is decreasing along solutions of 
(J1.19p for initial data with the critical mass M = Svr such that J-[p{-,0)] is finite. 

There is, nonetheless, a fundamental difference: The functional T-Lk,m is uniformly displacement 
convex f^, and as shown by Otto [25j, evolution equations that are W2-gradient flows of uniformly 
displacement convex functionals have an exponential rate of convergence to equilibrium; i.e., the 
minimizers of the functional. This yields an exponential rate of convergence to equilibrium for the 
fast diffusion equation. 

However, the Log-HLS functional is not displacement convex (nor is it even convex in the 
uusal sense), and hence the gradient flow structure by itself does not provide any sort of rate of 
convergence for this equation. We shall show that our quantitative stability estimates for the GNS 
inequality lead to a stability result for the Log-HLS inequality, and combining these results we get 
a quantitative rate of convergence estimate for the Keller-Segel equation; see Theorem 13.51 

A key to this is a surprising interplay between T-Ik,m and T along our two evolutions. As noted 
above, by their nature as gradient flow evolutions, it is naturally true that J-[p{-,t)] decreases 
along critical mass solutions of the Keller-Segel equation, and it is naturally true that ^K,A4'[/o(")i)] 
decreases along solutions of the fast diffusion equation (jl.lSp . 

More surprisingly, it has recently been shown [HE] that, in fact, T[a{-,t)] is also decreasing 
along solutions of (jl.lSp . and that 'HK,8n[p{-,t)] is also decreasing along critical mass solutions of 
the Keller-Segel equation (I1.19p . 

In fact, as shown in [9j, for any solution a{x,t) of (ll.lSp . 

±T[a{.,t)] = -^V[a{.,t)], (1.24) 

where 2? denotes the dissipation functional defined as follows: 
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1.7 DEFINITION (Dissipation functional). For any density a on M^, let u := a^^'^. If u has a 
square integrable distributional gradient, define 

p[a] := i(||Vn||^||n||^-7r||'u||^) . (1.25) 

Otherwise, define X^[o"] to be infinite. 

Note that 2? [a] > as a consequence (actually, a restatement) of the sharp GNS inequality 

dLlD. 

What is actually proved for the critical mass Keller-Segel equation is somewhat less. However, 
in [6j, a natural class of solutions called "properly dissipative solutions" is constructed, along which 



n^Mpi-^ T)] + I v[p{;t)]dt < n^,M; o)] (1.26) 

Jo 



cT 
'0 

for all T > 0. (This is evidently an analog of (ll.24p in integrated form.) 



Our goal here is to understand the asymptotic behavior of a properly dissipative solution p{t) 
of (I1.19P starting from some p such that 'HK,Tr[p] < oo. 

The first observation is that, as an immediate consequence of (11.261) . for any T > 1 



inf P[p(-,t)] < -i- f V[pi.,t)]dt < -i-7^,,,[p] . (1.27) 

E[1,T] T-lJi T-1 



(As we will see in Section [3l the reason for considering t G [^,T] is to ensure that some time passes 
so that the solution enjoys some further regularity properties needed to apply our estimates.) 
Now, observe that for any density a on M^, 



V[a] = (||VaV4||2||al/4||2 + ^||^l/4||3)^^^g(^l/4) 

|2 
1 3/2 



Vay%\\a\\y' + V^\\a\\l,,)6Gmi<r'^') ■ (1-28) 



Hence, granted (for now) an a-priori bound on jjg2 \x\p p{x , t)dx for some 1 < p < 2 for t > 1, we 
have a lower bound on ||/o(-, t)||3/2 depending only on the pth moment bound. From this and (jl.27p 
we deduce that, for any T > 2, there exists some i G [1, T] such that 

where C is universal (as it depends only on the pth moment bound). 

Then, granted also an a-priori upper bound on the entropy J^2 P^og p{x,t)dx for t > 1/2, 
applying Theorem 11.41 we conclude that for some p> 0, 



I \ (P-1)/4P 



■,t)-af,,8n\\i<c{-n^,M) , (1.29) 



(recall that the density v\ is a multiple of some ct^^stt)- 

The inequality (|1.29p bounds the time it takes a solution of the critical mass Keller-Segel 
equation to approach a^^sn for som.e p. However, to get a quantitative convergence result, we 
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must do two more things: First, show that p{-,t) approaches a^^sn for /J, = k, and then show that 
eventually it remains close. 

The first point is relatively easy, since T-iKfi-wi'^nfiiT] = oo for /i 7^ k (because of the sensitivity of 
T~^k,m[p\ to the tail of p; see 0). 

The second requires more work: The strategy used in [6j was to show that eventually F[p{-,t)\ 
becomes small. Since this quantity is monotone, once small, it stays small. Then one uses a stability 
inequality for the Log-HLS inequality to conclude that ||/o(-,t) — ctk^sttHi stays small. The stability 
inequality for the Log-HLS inequality used in [6j relied on a compactness argument, and thus gave 
L^ convergence to the steady state, but without any rate estimate. Moreover, the argument in 
[6] also used compactness arguments to deduce that ||/5(-,i) — o"/^,87r||i eventually becomes small for 
some /i, so that there was no quantitative estimate on the time to first approach the set of densities 
{cTk.Stt k > 0}. 

To provide a convergence result with quantitative bounds we do the following: First we show 
almost Lipschitz regularity of F in L^ (Theorem 13. 7p . and we combine it with ()1.29p and the fact 
that p can be chosen close to 2, to deduce that 

F[p{-,t)] - C7(87r) < CT-^^-'^/\ 

where C{M) is defined in ()1.23p . Since i <T and F[p{-,t)] is decreasing, we deduce that 

F[p{-,T)] - C{8tt) < cr-(i-^)/8 (1.30) 

for all T>2. 

This brings us to our final stability result: 

1.8 DEFINITION (Log-HLS deficit). For any density p on M^ ^jth f^^ p{x)dx = M, we define 
5hls[/o]) the deficit in the log HLS inequality, as 

Shls[p] = Hp] - M{1 + log^ - log(M)) . (LSI) 

1.9 THEOREM (Stability for Log-HLS). Let p be a density of mass M on M^ such that, for some 

K>0, 

n^,M[p] =:Bn<^. (L32) 

Assume also that 

F[p] =:B^<^, (L33) 

and 

V[p] =:Bv<oo. (L34) 

Then, for all e > 0, there is a constant C, depending only on e, M, k, By^, Bjr and Bx>, such that 

\\p-cT^,Mh<C{SnLs[p]f~'^^^' 

for some p > 0, provided (5hls [p] is sufficiently small. 

By p.30p . SuLsipi'jt)] is decreasing to zero at a rate of (essentially) t^^'^. Then, by Theorem 
\1.9\ there exists some p{t) such that 

\\p{-,t) - (^^l{t),8n\\l 
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converges to zero at a rate of essentially t~^'^^^. Finally, a simple argument using the sensitive 
dependence of T-Lk,&-k on tails allows us to show that ^{t) converges at a logarithmic rate to k. 

It is interesting that the approach to equilibrium described by these quantitative bounds takes 
place on two separate time scales: The solution approaches the one-parameter family of (centered) 
stationary states with at least a polynomial rate. Then, perhaps much more gradually, at only a 
logarithmic rate, the solution adjusts its spatial scale to finally converge to the unique stationary 
solution within its basis of attraction. It is reasonable to expect such behavior: The initial data 
may, for example, be exactly equal to ai^^^^ on the complement of a ball of very large radius R, 
and yet may "look much more like" ct^^stt on a ball of smaller radius for some [i^^ k. One can then 
expect the solution to first approach (T^^stt; and then only slowly begin to feel its distant tails and 
make the necessary adjustments to the spatial scale. 

The precise statement of our results on the rates of convergence for the critical mass Keller-Segel 
equation is given in Theorem 13.51 below. 

We close this introduction by remarking that the key to the proof of Theorem 11.91 is ()1.24p . 
which, upon integration, yields an expression for the Log-HLS deficit that can be related to the 
GNS deficit studied in Section [2l 

2 Stability results for GNS inequalities 

In the forth-coming book [3j the authors present a very elegant argument to deduce the family of 
sharp Gagliardo-Nirenberg inequalities (jl.Sp as a simple corollary of the sharp Sobolev inequality 
(jl.3|) . The argument has been known for some time in certain circles, and is referred to as a result 
of D. Bakry in the third part of the remark following [14', Theorem 4]. We are grateful to D. Bakry 
for communicating this proof to us, and for providing us with a draft of the relevant chapter of [3j. 

Here, starting from this proof and combining it with the quantitative stability result ()1.17p 
of Bianchi and Egnell, we deduce several stability results for the Gagliardo-Nirenberg-Sobolev 
inequality (jl.Sp of that family. 

Although much of the argument below could be carried out for this whole family (modulo being 
able to extend the argument of Bianchi-Egnell to a slightly more general situation), we prefer to 
consider only the one particular GNS inequality which is important for the applications we consider 
here. In this way we also avoid the risk of making the paper excessively involved and hiding the 
main ideas. 

2.1 From Sobolev to GNS 

We begin by explaining the argument of [3] specialized to our particular case of interest. 
The four-dimensional version of the sharp Sobolev inequality ()1.3p has the explicit form 



and equality holds if f = g, where 



! < iVIllV/IlL (2.1) 



9(i, y) ■- , , I I, , I I, I, s e R^ (2.2) 

1 -|- |yp -|- |x|^ 
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The key observation, which is at the core of the proof of the next result, is that g can be written as 

9{x,y) = ^, ) + U|2 ^'^^^ G{y):=v~'^{y) = l + \y\'^. 

The following result, which is a particular case of the results in ^ Chapter 7], relates (ll.Sp and 



2.1 PROPOSITION. Let u G VF-'^'^(M^) he a non-negative function satisfying 

ll^lle = Iblle = ^ , \/2||Vu||2 = \\u\\\ , 

and define / : M^ — ;■ M as 

F[y) + |x|^ 



r/ien 



So.s M ^ (X^ I Vm^d.) ''' [I u^ay) ''' - (. l^ u^,y) ''' ^ ^3 (^/f 



liv/|ii- 11/11^ 



(2.4) 



2.2 Remark. Observe that, given u G M^"'^'^(M^) with u ^ 0, we can always multiply it by a constant 
so that ||n||6 = H^He, and then scale it as ^^'^u{fiy) choosing /i to ensure that \/2||Vu||2 = \\u\\1. 



Since (II. Sp is invariant under this scaling, this proves (II. Sp . This is the use of the identity (12. 4( 
made in ^. Our interest in this proposition is that it relates the GNS deficit to the Sobolev deficit 

Proof. We compute 

ii^^ii^ - f if Twfrm-^'^)'^^ [ if rniTTw'^)'^ 

Jr2 \Jr^ (^(y) + kr)* J 7r2 \Jr2 {F{y) + |a;|^)4 J 

3 



and 



Thus 



\VF{y)\^F--\y)dy+'^ I F-\y)dy 
3 Jr2 

(|y^/-''(>/)d!/l . (2.5) 



. i/fllV/lli - 11/115 - ^ (2/^^ |V„Pd. . /^^ „^d.) - {^-lj'.y) 

or equivalently (using the identity 2\/AB = A + B — {-/A — a/B)^) 



1/2 



|V„|^d.)"'(/^^.M.)"'-(./^^„%)"' = vlf^/fllv/lii-ll/lli 

1 / ^„_ o\2 



V2IIV-" "-"2 



'n||2 - ||u||4 



2^/2 

Recalling that \/2||Vti||2 = ||ti||| by assumption, and recalling the definition (jl.9p of the GNS deficit, 
the proof is complete. D 
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2.2 Controlling the infimum in the Bianchi-Egnell Theorem. 

The family of functions 

gc,fj,,xo,yoi^^y) '■= r~^ — 51 — ; — h~, — ti — ; — 12' ce m, /u > 0, xo,yo e ^'^■ 



consists of all of the optimizers of the Sobolev inequality (j2.ip . Observe that, with this definition, 
9 = 51,1,0,0) where g is the function defined in (j2.2p . 

The Bianchi-Egnell stability result [^ combined with the Sobolev inequality (j2.ip asserts the 
existence of a universal constant Cq such that 

CoV3(-^./|||V/||i-||/||n > inf ||/-5c,^,.o,,o||l. (2.6) 

\ 47r V 2 / c,^i,xo,yo 



Hence, whenever u satisfies the conditions (j2.3p of Proposition 12.11 

Cot^GNsM > inf ||/-S'c,/.,xo,j/oll4 • (2-7) 

c,fj.,xo,yo 

Let us observe that the renormalization ||ti||6 = \\v\\e is equivalent to ||/||4 = H^IU- 

Our main goal in this subsection is to show first that, up to enlarging the constant Cq, we can 
assume that c = /i = 1 and xq = (see Lemma 12.31 below) . This paves the way for the estimation 
of the infimum on the right hand side of (j2.7p in terms of u and v. 



2.3 LEMMA. Let f be given by f{x,y) = l/{F{y) + |xp), with F : M^ — > M non-negative, and g 

be given by i2.^) . Suppose that \\f\\4 = WgWi- Then there is a universal constant Ci so that, for all 

real numbers (^ > with 

5^/^ < ^— , (2.8) 

- 2400 ^ ^ 

whenever 

\\f - gc,^J.,xo,yo\\i < ^^^'^ for some c,;U,xo,yo, 

then 

\\f - gi,l,0,yo\U < Cl6'^^ . 

As can be seen from the proof, a possible choice for Ci is 4800. 

Proof. Suppose that ||/ — gc,tM,xo,yo\\4: < ^^ ^^ some 6^'"^ > satisfying (|2.8p . 
• Step 1: we can assume c = 1. First of all notice that c > 0, as otherwise 



5'^> I \f - S'c,/.,xo,j/ol^dxd?/ > / [\f\'^ + \gc,^,,xom\'^) da^^y > ||/||| = 115-114 



vr 
"6"' 

which is in contradiction with (j2.8p . 

Now, for any c,/i > and xo,yo G 1^^, \\gc,^l,xo,yo\\i = cUs'lU = c||/||4. Hence, 

|c-l||bl|4 = |||ffc,M,xo,yol|4- ll/lkl < ||/-5'c,/.,a;o,J/oll4 < ^^'"^ , 

and by the triangle inequality we get 

11/ ~ gi,fj.,xo,yo\\4 — 11/ ~ gc,fj.,XQ,yo\\A -r \\gi,fj.,xo,yo ~ 5c,/^,xo,j/o lU 
= 11/ — 5c,At,xo,j/oll4 + |c — lllblU 

< 2 5^/2 ^2.9) 



EACAF August 1, 2011 



12 



Thus, up to enlarging the constant, we may replace c by 1. 

• Step 2: we can assume xq = 0. Observe that, by construction, / is even in x. Therefore (|2.9 
implies 

11/ - 9l,tM,xo,yo\\4: = 11/ - 9l,ii-xo,yo\\4: < 2 5^'^ , 

and by the triangle inequality, 



\9l,tJ.,2xo,yo 5'l,/i,0,j/ol|4 — ||5'l,/i,a;o,j/o 9l,tJ.,-xo,yo\\4: 



<4<5i/2. 



However, a simple argument using the unimodality and symmetry properties oi g = 51,1,0,0 shows 
that 

•2 '""^ \\9l,tJ.,axo,yo ~ 9l,fi,0,yo\\4: 
is increasing in a > 0, thus 

\\9l,^l,xo,yo - 9l,^l,0,yo\\4: < \\9l,^l,2xo,yo - 9l,fi,0,yo\\4: < 45 ' . 

One more use of the triangle inequality gives 

||/-5i,/.,o,yoll4<6<5i/^ 

Hence, up to further enlarging the constant, we may replace xq by 0. 

• Step 3: we can assume fi = 1. Making a change of scale, we can rewrite ()2.10p as 



(2.10) 



1 



1 



1 



fJ'Fiy/iJ,) + \x\'^/fi'^ I + \y - fiyol"^ + \x\ 



< 6^1/2 



(2.11) 



Let A := {{x,y) G M^ : |x| < 1, \y — fiyo\ < 1}. Note that the Lebesgue measure of A is vr^. 
Moreover, by a simple Fubini argument, for any set B C A with measure greater than (15/16)7r^ 
there exists y £ {y : \y — fiyo\ < 1} such that the set B n (M^ x {y}) must intersect both 

An{{x,y) : |x| < 1/4} and An{{x,y) : |x| > 3/4} . 

(Indeed, if this was not the case, by Fubini Theorem the measure of B would be smaller than 
(15/16)7r^) 

Now, applying Chebyshev's inequality, by ()2.1ip we get the existence of a set B C A of measure 
at least (31/32)7r^ such that 



fj, F{y/ii) + \x\'^/fi^ 1 + |y - /iT/oP + kP 



< 12(5^/2 y{x,y)£B 



(2.12) 



(as the complement of the above set has measure less or equal than 1/16, which is less than 7r^/32). 
Set a := 1 + \y - /ij/oP + kP and (3 := fi [F{y/ii) + |xp//Li^), so that (|2.12p becomes 



1 1 



< 12(51/2 \f(x,y)£B. 



(2.13) 



We observe that a < 3 on S. Moreover, thanks to (12. Sh . 



1 1 

- > - 

/3 a 



1 1 

(3 a 



-3 - 4 



inside B 
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that is /? < 4 on B. Hence ([2J3]) gives 

|a - /3| < 12a/3 5^/^ < 144 5^/^ inside 5 , 
or equivalenly 

1 1 + |y - /iyol^ + kP - f^F{y/n) - |x| V/w| < 144 (5^/^ V (x, y) € S. 

By the observation above, we have chosen B large enough that there exists y G {y '■ \y — ^yo| ^ 1} 
such that (xi,y), (x2,y) € -B, with |xi| G [0, 1/4] and \x2\ G [3/4, 1]. Then the above estimate gives 



1 


1- 


1 


2 


/^ 



< (baP-biP 



1 

1 

2 I 1^ |2 ,.T?(r,l,,\ 1^ |2 



< |l + l2/-Wo| +ki| - ^lF{y/^J)-\xl\ /ii\ 
+ |l + |y - ^yoP + k2p - I^F{y/^j.) - |x2p//i| 

< 288 (5^/2 < 300 (5^/^ 

Using ()2.8p and the identity (/x — 1)(1 — (1 — l//u)) = (1 — 1//^); we easily deduce 

|/i-l| < 1200(5^/2 . (2.14) 

Since (as it is easy to check by a direct computation) 

\d,gi,,,o,yd^,y)\ < '^''^'°'"°^'''^^' < 2\g,,,,o,yoi^,y)\ V/. G [1/2,2] 

we get 

\\gi,fi,0,yo - 9l,l,0,yoh < 2|// - 1|||5'||4 V /x G [1/2,2]. 

Combining this with (j2.10|) and (j2.14p . we finally obtain 

11/ - gi,ifi,yo h < (6 + 2400||5||4) <5'/' < 4800 S^^"" , (2.15) 

concluding the proof. D 

2.3 Bounding ||m^ — t;^||i in terms of ||/ — gW^. 

Our goal in this subsection is to bound ||m^ — v^{- — yo)\\i from above in terms of ||/ — 5i,i,o,j/oll4- 

2.4 LEMMA. Let u G Ty^'^(M^) be a non-negative function satisfying ()2.3|) . and let f be defined 
as in Proposition \2.1[ Suppose that \\f — 5i,i,o,?/oll4 — 1- Then 

\\U^ - vH- - yo)\\l < C2\\f - gi,l,0,yo\\4 

for some universal constant C2. 

As can be seen for the proof, a possible choice for C2 is 1000. We also remark that, by considering 
u of the form v + £(f) with e > small, one sees that the unit in the above estimate is optimal. 
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Proof. Up to replace u and / by u{- — yo) and /(• — yo) respectively, we can assume that yo = 0. 
We write 



\\f-9\\t 



\F-G\' 



> 



{F<G} 



+ 



(F+|x|2)4(G+|x|2)4^ y 

\F-G\^ 

(F+|x|2)4(G+|x|2)4 

|F-G|4 



dx ) dy 
dx ) dy 



{F>G} 



(F+|x|2)4(G+|x|2) 



2\4 



dx ) dy. 



By symmetry, it suffices to estimate the first integral in the last expression. We split {F < G} 
{G/2 <F <G}U{F < G/2} =: Ai U A2. 
On Ai we compute 



/(/ 

JAi \Jr- 



\F-G\^ \ 

(F+|X|2)4(G+|X|2)4^^J^^ - j^^ 



F-G\^ ^ 

2W^^ I ^^ 



TT 



7 .Ia, G^ 



(G + |x|2) 

F-G\^ 

-dy. 



Now, since 1/G^ = u^ G L^, and since ||ti||6 = ||v||6 = 7i"/2 < 2, Holder's inequality yields 



Also, pointwise on Ai, 



\u^ -v^\ 



\F-G\ 
A,~G^ 



1 1 
F3~(P 



'^^-^'ilj^'^ 



1/4 



(G-F)(G2 + GF + F2 



F3G3 



< 14 



|G-F| 
G4 



Combining the last three estimates, we have 



7 



1^6 - v'^\dy < 28 ( - 
Ai V^iAi 



\F-G\' 



For ^2) we observe that 

\F-G\^ 



A2 



(F+|X|2)4(G+|X|2)4^^J^^ - JA^ 



(F+|x|2)4(G+|x|2)4 

\F-G\^ 



dx ) dy 



1/4 



(2.16) 



dx ) dy 



> 



(F + |x|2)4(G+|x|2)4 J 

F-G\^ f f 1 



A2 



1 
> — 



Q7 



\F-G\' 



(l + |x|2)4(F/G + |x|2)4 



dx I dy 



dx dy 



16 ./a, G-^ \J^_^(F/G + \x\^r J 



\F-G\' 



TT 



48 J. G7 



(F/G)3 1 + {F/GY 



dy 



> 



TT 

92 



A2 



\G-F\ 
F^G^ 



■dy. 
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where we used that (1 + \x\'^)'^ < 16 on Bi, and that 2(f]g)^ — ImFTgW' Since G/2 > F on A2, 

— „ . — > —7 on A2. Therefore (using that 16 • 96 < SOOvr) 

F-^G^ 16 F"^ 



\F-G\^ \ , 1 /• 1 

rdx dy > — — / — rdy 



(F+|x|2)4(G + |x|2)4 J ^ - 500 J A^F^ 



- ^K^"^''" 



500 ./A 



|n^ - v^\dy. 



When 11/ — (7II4 < 1, the left hand side is not greater than 1, and hence, taking the fourth root 
on the left, we obtain 

Combining this with (j2.16p . we have 

/ / 4 \ \ ^/^ 



Vi{^<G} Vjr2 (^ + fI ) (G + |x|2)4 J J 500 y{n>^} 

By symmetry we also get 

\\f-9\\i>^[ {u'-v')dy, 
500 J{u<v} 

which concludes the proof. D 

2.4 Proof of Theorem [TH 

First, suppose that u £ W^''^{M.'^) is a non-negative function satisfying i\2.'6\i . Collecting together 
(|2.7|) and Lemmas 12.31 and \2A\ we deduce that there exist universal constants Ki,Si > such that, 
whenever 5gns[^] ^ <Jii 

11^6 _ ^6(. _ y^)||^ < Ki6GNs[uf^^- (2.17) 

Next, (5gnsM and ||n||6 are both unchanged if u{y) is replaced by n^ := ^^'^u{p,y). Thus, 
assuming only that ||n||6 = ||u||6, we may choose a scale parameter /i so that \/2||Vu^||2 
We then learn that 

\^'^u^{^y) - v{y - yo)| dy < /CiiJgnsM^^^ 



U, l|2 



Changing variables once more, and taking A := 1/;U, we obtain 

\u\y) - X\{Xy - yo)\dy < Ki^gnsM^/" , 
which proves ()1.12p and concludes the proof. 
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2.5 Controlling the translation 

So far we know that if u satisfies (|2.3p there is some translate u{y) = u{y — yo) of u such that 

\\u^-v^\\i<Ki6gns[u]'/^ (2.18) 



for some universal constant Ki (see Theorem 11.21 and Remark 1 1.3p . 

Our goal in this section is to show that under the additional hypotheses that 



Mp 



[u] := / \y\^u {y)dy < oo for some p > 1 (2-19) 

JR2 



and 

yu^{y)dy = 0, (2.20) 



then ||m^ — v^\\i will be bounded by a multiple of some fractional power of <5gns[^]^ > with the 
fractional power depending on how large p can be taken in (j2.19p . The power would still be 
5gns[^]^ if we could take p = oo. However, since M4{v) = +(X), the useful values of p are those 
in the range 1 < p < 4. 

2.5 PROPOSITION. Let u G W^^'^i^) he a non-negative function satisfying ()2.3p . and suppose 
that Mp{u) < oo for some 1 < p < A, and that /i2. 20\) is satisfied. Then there are constants K,5 > Q, 
with K depending only on p and Mp{u), and 5 depending only on p, so that whenever 5q^q,[u] < 5, 

Proof. First note that 

yoM\t= yu^iy)dy= yv^iy)dy+ y[if{y)-v^{y)]dy. 

Jr2 Jk2 Jk2 

By the symmetry of v, the first term on the right is zero. By Holder's inequality, 

\y\\u'{y)-v'{y)\dy = [ \y\\u^{y) - v^{y)\'/P\u'{y) - v\y)\'/'^dy 

- (^Jyl''l^'(y)-^'(2/)|dy) "wu'-vX^' 
< (^Mp{uy/P + Mp{v)^/P^ \\u^ - V^WY" , 

where q = p/{p — I)- Next we note that 

i/p 

i/p 



Mpiu)'/P = (^I^Jy\Pu\y)dy 

= U \y + yol V(y)dy) '" < M^iuflP + 



6/p 

yollhlle 



Combining the last three estimates, we obtain 



l2/o|||w 111 < 



'Mp{u)^'P + Mp{vYlP + \y^\\\v\f''' 



-fi „6||i/g 
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and therefore by (|2.18p 

ml s - 



11^ 111 11^ 111 -f^l^GNSFJ 

Hence, there exist a constant K' depending only on p and Mp(u), and a constant 5' depending 
only on p, such that whenever (^gnsM < ^') 

|yo| < K'S'/^^iu) . (2.21) 

Now note that, by the Fundamental Theorem of Calculus and Holder's inequality, 

\\u — ■" 111 < 6|yo|||Vu||2||^t||io • 

2/5 3/5 

Then by the GNS inequality ||ti||io < C'l|V'w|l2 ll'^lle ^^ obtain 

lln^-u^lli <6(7|yo|||Vu||^||u||^ . (2.22) 

We now want to control the right hand side. By hypothesis, v2||Vu||2 = \\u\\1 and ||Vn||2||u||| = 
-/7r||u||g + (5gnsM- Therefore 

IIV7 l|3 /^ll ||3 . (^GNSM 

l|V«||2 = \h^\\u\\e 



Again using the fact that ||u||6 = H^He = t^/"^ and that (5gns[^] is small (so in particular we can 
assume 5gns[^] < 1) from (j2.22p we obtain that 

||S'^-u6||i<i^"|yo| , 
for some universal constant K". Combining this with (|2.2ip yields the result. D 

2.6 Bounding infA>o 11"^"^ ~ "^aIIi 

As noted in the introduction, in certain PDE applications of stability estimate for the GNS inequal- 
ity (II. Sp , n^ will play the role of a mass density, and it will be of interest to control inf a>o 1 1 ^''^ — ^a 1 1 1 
assuming that some moments of u'^ exist, and that the "normalization" assumptions 

/ u\y)dy = [ vHy)dy and [ yu\y)dy = (2.23) 

hold. Since the GNS deficit functional is scale invariant, we cannot hope to get information on the 
minimizing value of A out of a bound on (5GNs[ii] alone. However, knowing that the density u^ is 
close to v\ for some A is a strong information that can be combined with other ones, specific to a 
particular application, that then fix the scale A. We shall see an example of this in the next section. 
Here we concentrate on proving Theorem 11.41 which bounds infA>o II" ~ f^tlli i'^ terms of 5gns[''^]- 
We recall that Theorem 11.41 refers to non-negative functions u S Ty^'^(M^) that satisfy (j2.23p 
and also certain moment and entropy conditions: Recall we have defined 



Np{u)= |y|V(y)dy and S{u) = u^\og{u^)dy . 

Jm.2 Jir2 

and Theorem 11.41 also requires that for some A,B < oo and some 1 < p < 2, 

S{u) < A and Np{u) < B . (2.24) 



EACAF August 1, 2011 18 

2.6 Remark. Conditions (j2.24p provide some "uniform integrability control" on the class of den- 
sities M^ that satisfy them. The proof that we give would yield similar results for essentially any 
other pair of conditions that quantify uniform integrability. The one we have chosen, moments and 
entropy, are natural in PDE applications. It is natural that some such condition is required: a 
bound on the deficit does not supply any compactness, as is clear from the scale-invariance. 



Proof of Theorem \1.4\ The proof is divided in several steps. 

• Step 1: We show that \\u\\q cannot he too small provided Np{u) is not too large. Indeed, 

|u|^dy > \\v\\i - R-PNp{u) . 

Br 

Choosing R > such that R^PNp{u) = ||t;||4/2 and using Holder's inequality, we get 

^11-11^ </ \u\'<\\u\\l{.R')'/\ 

J Br 

that is 

Iklle > ciiVp(u)^/P (2.25) 

for some universal constant ci > 0. 

• Step 2: To apply our previous results, we must multiply u by a constant and rescale. In this step 
we show that these modifications do not seriously affect the size of the deficit (5gns W\ ■ 

Define 

u{y) := \^\^l^u(\y) . 

where A is chosen so that \/2||Vu||2 = USUI- Note that ||S||6 = H'l'lle- Since the rescaling does not 
affect the L^ norm, it does not affect the deficit, but the constant multiple does: we have 

II l|3 
'5GNsN = ni'^GNsM , (2.26) 

By what we have noted in Step 1, we have an a-priori upper bound on the factor H^'He/U'wIli (see 
(|2.25p ). which gives the bound 

<5(5) < CJgnsM ■ (2.27) 

• Step 3: We now relate the constant multiple and the scale factor when the deficit is small. First, 
we claim that 

\\\uY4-\\v\\i\<C6Gm[u] . (2.28) 

To see this note that, since v2||VS||2 = \\u\\1 (see Step 2), 

|2||5||^-7r||2||^| =6{u) , 
The claim then follows by ()2.27p together with 

^||rr||6 _ II ||6 _ 9|L,||6 
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Let us also observe that, since 

, Il7/I|4 
II ii4 II ii4 \ 2/'H "■ fi ii~ii 

ll^^lli = \\u\\l = A^/'^^^||'U||4 , 

by ([2:28]) we also get 

|A'/'h||^-||^^||^|<C<5GNsM • (2.29) 

• Step 4-' We now show that some translate ii^ ofu^ is close to v^ when the deficit is small. Theorem 
11.21 shows that there is a translate u{y) = u{y — yo) of u such that 

Wu'^ - v% < K^6GNsm^^^ . (2.30) 

Note that for positive numbers a and 6, 

|a^-64| = \a-b\{a^ + a^b + a^b + b^) and |a^-6^| = \a -b\{a^ + a% + a^b'^ + a^b^ + ab^ + b^) . 

Hence, since (a^ + b'^){a^ + a'^b + a^6 + b^) < 2{a^ + a% + a^b'^ + a^b^ + ab'^ + b^), it follows that 

W'^ - b'^l < ^A^\a^ - b^\ ■ (2.31) 

So, observing that 

1 1 9 

o , o < ^ < 1 + i? on Sr, 

by dMH), (I230I1 . and (l2:271l . we obtain 



/ \u' - V'\dy < 2(1 + i?2)||^6 _ ^6||^ < ^(1 + i?2)^^^^[^- 
JBr 

Next, using (HJH]), 



'4i ||'||4 / ~4i 

u ay = ||u||4 — / n dy 

|a;|>i? J\x\<R 



< \\v\\4- / u dy + C(5gns M 

J|x|<_R, 

v^dy+ {v'^ - u'^)dy + CScmiu] 

\x\>R J\x\<R 

^ -rrin+ [ \v^ - u^\dy + C6Gm[u] 

i- + ^ J\x\<R 



(2.32) 



Combining results, we then get 

which (optimizing with respect to R) leads to the estimate 

\\u\- - yo) -v% = ||n^ -v%< C<5gnsM^/^ . (2.33) 
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• Step 5: Set Ui/x := A^'^n(Ay). Note that ||ui/>,||4 = ||u||4 and 



^Il6 ;^-2/3 _ ^ 



\v\\^ 



Now, by ()2.29p . A^/^||ti||g is uniformly bounded away from zero (for ^cNsi""] sufficiently small). 
Therefore 

/ \u^ - 4/,\dy < -gM^llnlll < Cd{u)\\u\\t , (2.34) 

which combined with (|2.33p gives 

H/xiy - yo) - v% < CJgnsM'/". (2.35) 

• Step 6: We obtain upper and lower bounds on the scaling parameter A. We already have an upper 
bound since ()2.29p says that A^"*^ ~ ||ti||g, and ()2.25p gives a lower bound for ||n||g in terms of Np(u). 
Our assumption that S{u), the entropy of u'^ (see (jl.lSp ). is finite enters at this point. 
Since 11^114 = it/2, for when (5gnsM < ^o, if follows from (J2.35P that 

AV(A(y-yo))dy> J, 

or equivalently 

/ u'^{y)dy > -. 

■JBxiXyo) "t 

Thus, the average value of n^ on Bx{XyQ) is at least A^^/2. Hence by Jensen's inequality, 

^i^(y)log(u^(y))dy > — r^ / u^{y)dy] log { ^ u'^{y)dy] 



7rA2 JB^iXyo) \^A2 JB^iXyo) J \^-^^ JB^iXyo) 

that is 

/ u\y)logiu\y))dy>J-'-^-'-^ 

Next we recall a standard estimate, valid for any non-negative integrable function p on M^ with 
finite first moment (see for instance [U Lemma 2.4]): 

/ p(x) log_(p(x))dx < / \x\p{x)dx + - / e^'^^'dx = iVi(u) H , 

where log„(s) = max{— log(s),0}. Combining all the estimates together, we arrive at 

- log A < -{S{u) + 7Vi(n)) + - + log2 . (2.36) 

vr e 

Since Niiu) < \\u\\\ + Np{u) for p > 1, the above inequality provides the desired lower bound on A. 
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• Step 7: We now reabsorb yo- Arguing as in the proof of Proposition 12.51 and using (|2.33p . 

\yo\\\v% < [Np{u)'/P + Np{v)'/'P]\\u''-vX^'^ 

< C [Np{uflP + lyolllt^'lll^^ + Np{vY'r>'\ ^gnsM^/^^^^ 

Using the bound (j2.36p this imphes |yo| < C''^gnsM^ • So, since 

\\u^ - u^Wi = \\u^ - u^{- - yo)\\i < 4|yo|||VM||2||S||^ 
and v2||Vn||2 = ||2||4 = ||v||4, as in the proof of Proposition 12.51 we get 

In particular, by (j2.34p we obtain 

which is equivalent to (I1.16p . D 

3 Application to stability for the Log-HLS inequality and to 
Keller- Segel equation 

3.1 A-priori estimates 

In this section we apply the results proved in the previous section, carrying out the strategy for 
quantitatively bounding the rate of approach to equilibrium for critcal mass solutions of the Keller- 
Segel equation, and, along the way, proving a stability result for the Log-HLS inequality. This and 
several other results obtained here may be of interest apart from their particular application to the 
Keller-Segel equation. 

First of all, we recall some a-priori regularity results concerning functions in level sets of the 
various functional T, V and 'Hk,m that have been defined in the introduction. 

As we have seen FIg^^^m] = ^[ck,m] = for all k and M. But as k tends to 0, (TK,A/(x)dx tend 
to a point mass (of mass M). Hence the level sets of neither T nor T>[ai^^M\ are compact in L^(]R^) 
or even uniformly integrable. It is also easy to see that the level sets of 'Hk,,m are not compact in 
L^(M^), or even uniformly integrable. However, as shown in [6], taken together bounds on various 
combinations of J^[p], ^^.A/M and V[p\ do yield strong estimates on p. 

First, we recall that J- and 71^, provide control of the entropy [BJ Theorem 1.9]. Here and in the 
sequel, log_|_ denotes the positive part of the natural logarithm function. 

3.1 THEOREM (Entropy bound via J- and T-Lk). Let p be any density on M^ with mass M = Sir, 
with ^K,87r[p] < oo for some k > 0. Then there exist positive computable constants 71 and Cj^y^, 
depending only on k and 'Hk,8tt[p], such that 



71 



I plog^pdx<:F[p] + C^n- (3.1) 

JR2 
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Likewise, [6l Theorem 1.10] shows that a bound on J^, T-Lk^m and V together controls the energy 
integral UVuHl- 

3.2 THEOREM (Energy bound via J-", 'Hk,m and V). Let p be any density on M^ with mass 
M = Svr with J-[p] finite, and T-iKfi-wip] finite for some k > 0. Then there exist positive computable 
constants 72 and Cj^y^jy, depending only on k, ^k^sttM CLnd J-[p\, such that 



72 / \Vp'/^\''dx<T^V[p\ + CTnv . (3.2) 

yR2 



Recah the classical Gagliardo-Nirenberg inequality 

r T r "I P/2— 2 ,- 

I \v\Pdx<Dp I |Vt;|Mx / \v\'^dx VpG[4,oo). (3.3) 

Combining this with ()3.2p . we see that together F[p\, 'Hk[p] and T>[p\ give us a quantitative bound 
on \\p\\q for all (7 < 00: 

3.3 COROLLARY [L'^ bound J-", 'Hk,m and D). Let p be any density on M? with mass M = Sir, 
with 'HK,8n[p] finite for some k > 0, such that also J-[p] and T>[p\ are finite. Then, for all q > 1, 
there is a constant C depending only on q, k, M, J-[p], 'Hufi-wip] o-nd T>[p], such that 

\\p\U < C . (3.4) 

Next, with an argument analogous to the one used in [B], we can use the functional T-Ik,m to 
control pth moments for all p < 2: 

3.4 THEOREM (Moments and lower bounds on the L^'^-norm via 'Hk,m)- Let p be a density on 
M^ with mass M = 8tt. For all < p < 2, there is a constant C, depending only on p and k, such 
that 

\x\Pp{x)dx<C{l + n^,sAp]), (3.5) 



/ 



|p||3/2>- -ITT, (3.6) 



Proof. Since a^^s-,^ has finite pth moments for all p < 2, to prove (13. Sh it suffices to estimate 

|x|P|/9(2;) - a^^s7r{x)\dx. 
Observing that |x|^ < C/y^o^~8^(x) and that 

\p-(^k,Stt\ \^/p- ^/o7^\ I/4 | \/P " V^^^ 



< 



/7^ - /7^ +20-«,87r- 



1/4 



we conclude easily using Holder inequality. 

Finally, ()3.6p is a consequence of ()3.5p : indeed, for any 9 £ (0, 1) and q > I, 

Iplk < ( / (l + |xn,(x)dx) ( / 7T^^^l7(I^dx' ' ' 



< 



/ (l + |xn;9(x)dx) ( f — 

Jm.2 J \Jm.2 (1 

(^^(1 + ixr)p(x)dx) 11(1 + ixn-^/(i-^)|ij/Y^_,)iiHij- 
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Choosing q = 3/2 and 9 = l/(p + 1) (so that (1 + |x|p)-^/(i~^) G ^^(M^)), we get 

8. < c\\p\\i//r'\ 

which proves (|3.6p . D 

We close this subsection with the following observation that will be used later: unlike J-" and 
V, the functional Tin^M is not scale invariant. Indeed, for any M > 0, 'Hk,m[o'^,a/] < oo if and only 
if fi = K. In fact, later we shall need a somewhat more precise version of this estimate, which can 
be easily proved by a direct computation: there exists a constant cq > depending only on k and 
M such that 



/ 

J\v 



-dy>co{^-^/^rlog{R) (3.7) 



'\y\<R y/^TMiy) 

3.2 A quantitative convergence result for the critical mass Keller-Segel equation 

We now state and prove our a quantitative bound on the rate of relaxation to equilibrium for the 
critical mass Keller-Segel equation. 

3.5 THEOREM. Let p{x, t) be any properly dissipative solution of the Keller-Segel equation of 
critical mass M = 8tt in the sense of 16], so that in particular 1-Lk.?,-k[p{',^)] < oo for some k > 0, 
and J^[/9(-,0)] < cxD. Let us suppose also that j^2xp{x^{))dx = 0. Then, for all e > 0, there are 
constants Ci and C2, depending only on e, k, 'Hk,8tt[p{-,0)] and T[p{-,0)], such that, for all t > 0, 

np{;t)] - C{87t) < Ci(l + t)-(i-^)/8 (3.8) 

inf ||p(.,t)-a^.8.||i <C2(l + t)-(^-^)/^«^°. (3.9) 

/i>0 

Moreover, there is a positive number a > 0, depending only on T-Lfi^sn[pi-,0)] and T[p{-,0)], so that 
for each t > 0, 

inf ||p(-,i) -o- s^lli = min ||p(-,i) - cr^,87r||i- 

M>0 a<ij.<l/a 

Finally, for each t > 0, the above minimum is achieved at value p{t) such that 

In particular 

||/>(-,0-^M^IIi< ,, ^ , ,, ■ (3.11) 

V^log(e + 1) 

As indicated in the introduction, to carry out the proof of Theorem! 13.51 we need an "almost 
Lipschitz" property of the functional J-. We introduce this next, before turning to the proof of 
Theorem 13.51 

To obtain continuity properties of the Log-HLS functional, we will need to impose some restric- 
tions on the set of densities. In view of the wider interest of the almost Lipschitz continuity of the 
entropic part of T (Theorem 13.91 below) . our next definition refers to densities on W^. 
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3.6 DEFINITION. For p > 0, g > 1 and A,B < oo, let Mn,p,q,A,B denote the set of mass 
densities p on M" such that 

/ \x\Pp{x)dx < ^ and / \p{x)\'^dx < B . (3.12) 

Note that we do not specify the mass of the densities in M.p^q^A,B though of course they can be 
bounded above in terms of A and B. A key result (which will be proved later in Subsection 13. 4p is 
that, for any p, q, A and B, the Log-HLS functional is almost Lipschitz continuous on M2,p,q,A,B- 

3.7 THEOREM. For all < e < 1, and all M > 0, Then there is a constant C depending only 
on e, M, p, q, A and B such that for any p,o' & ■M.2,p,q,A,B both of mass M , 

\F[p\-F[a]\<C\\p-a\\\-^ . 

Proof of Theorem \3.5[ Of course it suffices to prove all of the estimates in Theorem 13.51 for t large. 
As shown in [6], for all to > 0, and all p < 2 and q < cxo, there exist finite constants A and B 
such that 

for ah t>to, p{-,t) £ M2,p,q,A,B , 

see also Subsection 13.11 

Choose to = 1. As noted earlier in this section (see (jl.27p ). by the definition of properly 
dissipative solution 

n^,8n[p{; T)] + / V[p{;t)]dt < n^Api-^ 0)] , (3.13) 

we immediately deduce that, for all T > 1, 



T-l 



^ V[p{.,t)]dt < ^^,,,[p(.,0)] . (3.14) 



Then, Theorem 13.41 together with (j3.13p ensures a uniform bound on j-^2 |x|^p(x,t)dx for any 
p < 2, which also ensure a lower bound on ||p(-, t)||3/2- 

Hence, by (|1.28p and (|3.14p . we deduce the existence of some 1 < i < T, 

5[p"\;t)]<^^nAP{-M- 

Next, Theorem 13.11 gives us an a-priori upper bound on the entropy S[p{-,t)], and thus permits 
us to apply Theorem 1 1.41 for T sufficiently large. We conclude that, for any p < 2, there exist a > 0, 
some /i G [a, 1/a], and some 1 < t <T, such that 



^ ^ {p-l)/4p 



•, i) - ^^.,8.\\l < C { -n^M;0)] ] , (3.15) 



(recall that the density v\ is a multiple of some o"^,87r)- 

Next, since we can choose p arbitrarily close to 2, by Theorem 13.71 

T[p{-,t)] - C{87r) < CT-'^^-'^/^ 
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for some 1 <t <T. However we can now use that J-"[p(-, t)] is monotone decreasing to deduce that 

F[p{-,T)] - C(87r) < Cr~(i-^)/s (3.16) 



for all T sufficiently large. Hence, up to adjusting the constant C we obtain (j3.8p . 

We may now apply Theorem 11.91 to conclude that for all t > 0, there is some // = //(t) G [a, 1/a] 
such that 

\\p{;t) - a^,8.||i < C(l + t)-(i-)A60 . (3.17) 

Finally, we use the bound on T-iK^snipi-, t)] to fix the scale: Since |a^ — /3^P < \a^ — /3^|, (|3.17p 
implies 

II a/pM) - v^;::^ii2 < c(i + t)~(i"^)/i^° (3.18) 

By the triangle inequality, (|3.7p . (|3.18p . and using that y/cr^^s-K > k^''^{k + i?^)~^ inside Bji, we get 

\/p{y.i) - \/o-«;,87r(y) 






1/2 

^ i^^^dJ 

\y\<R V'^^,8n{y) 






> c(K-^)^log(i?)-CW^^^(l + t) 



K + i?2 



2 Wr P^ _ r-, IlXi^n ^ ^A-(l-^)/320 



K 



where in the last line we have used (13. 7p and the fact that we have an a-priori lower bound on p. 
Thus, 



{K-pf< 



log{R) 
Choosing R = {e + i)(i-^)/320 ^g gg^ 

C 



^/n.MPi-M + /^(i + 1)-(^-^)/^^° 



{K-py< 



log(e + 1) ' 
as desired. Finally ()3.1ip follows from ()3.9p and ()3.10p . observing that 

|k/i,87r - 0"K,87r||l < C'sl/i- k| V /i > , 

with Ck depending on k only. D 

3.3 Stability for the Logarithmic HLS inequality: proof of Theorem 11.91 

We now prove a stability result for the Log-HLS inequality. The proof of Theorem 11.91 is based on 
the recently discovered fact [9j that J^ is decreasing along the fast diffusion flow. Moreover, since 
the fast diffusion flow is gradient flow for T-Lk^m, also ^k,m is decreasing along the fast diffusion 
flow. While D is not decreasing along the flow, the dissipation relation gives us 

/ V[a{;t)]dt<T[p]-C{M), (3.19) 

Jo 
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where a{x,t) is the solution to (jl.lSp with initial data a{-, 0) = p. The estimate (|3.19p is proved in 
[9] for initial data p such that, for some C,R> 0, p{x) < C|x|~^ for all \x\ > R. Then, regularity 
estimates from [8j permit one to integrate by parts and prove that \\m.t^ao^[p{--,'t)\ = C{M), 
which leads to (|3.19p . However, the regularity provided by [8] is only used in a qualitative way, 
and the values of R and C do not matter. Hence, a simple truncation and replacement argument 
can be used to achieve these bounds while making an arbitrarily small effect on J-[p\ and %k[p\i 
and moving p an arbitrarily small distance in the L^ norm. So, we may freely assume the bound 
p{x) < C\x\~'^ for all |x| > R for some finite constants C and R. 

Proof of Theorem \1.9\: Let (7{-,t) be the solution of (jl.lSp with initial data p. As as explained 
above the dissipation relation (j3.19p holds, therefore 

SuLs[p]> f 'D[ai-,t)]dt Vr>0. (3.20) 

Jo 

We proceed form here in several steps: 

• Step 1: The HLS deficit of p controls the GNS deficit of a{-,t) for some t close to 0. Pick some 
T G (0, 1], with (5hls[p] <C r <C 1, to be chosen later. Then by (|3.20p . there exists some t G (0,r) 
such that 

V[a{;t)]<^-^^ (3.21) 

Since ?^K,M[o'(',i)] is decreasing along the flow. Theorem 13.41 gives us a lower bound on 
||(t(-, t)||3/2. Then, by (|1.28p . there is a constant C > such that 

V[ai;t)]>C5[a'/H;t)]. 

Hence, by (I3.2ip we get 

6[ay\.,t)]<c'-^. 

• Step 2: Application of stability for the GNS inequality. Recalling that v\ is a multiple of o"^,Af for 
some //, by Theorem 11.41 and Step 1, there exists some p> Q (on which we have a-priori bounds 
above and below) such that 



lF(-,t) -cr^,M||l < C ( I 

Hence, by the triangle inequality. 



(p-l)/4p 



(p-l)/4p 



\\p - cT,,Mh < C\\p - a{;t)\\i + C i^-^^j . (3.22) 

• Step 3: Controlling \\p — cr(-,t)||i. We claim that for all e > and all 1 < p < 2, there is a 
constant C such that 

This will be proven below. Assuming this for now, we complete the proof in the next step. 
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• Step 4- Optimizing in T. Combining (j3.22p and (j3.23p . we get 

Setting r = — ^ and s = — - — , we choose T := dm^slpY to obtain 

8[p + Ij Ap 

Since p can be chosen arbitrarily close to 2, we obtain the result. D 

We close this subsection by proving (|3.23p . To this aim, we make use of the fact that, for 
each K > 0, the equation (jl.lSp is a gradient flow of the functional TiK,M, with respect to the 
2-Wasserstein metric W2, on the space of densities of mass M. This has the standard consequence 
that 

Wi((T(-,s),a(-,t)) <^«,MM(t-s) (3.24) 

for all t > s > 0, see for instance [2j or also [6;, Lemma 5.3]. That is, the fact that the equation is 
gradient flow for the 2-Wasserstein metric automatically yields a Holder— 1/2 modulus of continuity 
bound in this metric. What we need now is to improve this bound into a L^ continuity. 

In the proof, we use (j3.24p together with the following interpolation result, see [6] Theorem 
5.11]: 

3.8 THEOREM (Interpolation bound). Let ao and ui he two densities of mass M on M^ such 
that for some q> 2, \\o'Q\\'i_^_i , ||cri||g_,_]^ < K. Suppose also that a ^ anda^ have square integrable 
distributional gradients. Then 

Iko-cTilli < (\\V{al/')h + \\V{al/')h) (25/2 + 29/^E:)(W2(ao,aO)(^^-=^)/(^''+^) 



+ 16M(5^1)/^i^(«+2)/2g(^^(^^^^^)){,-l)/(2,+l) 

Proof of (|3.23p .' We apply the interpolation bound quoted above with ao = p and ai = cr{-,t). By 
Theorem 13.21 and (|3.2ip . we have 

IIVrT^/^lP<r llv l/4,,2 ^ p A '^HLSM 

II VCTq II2 ^ L- , II ^'^1 II2 — '-^ I J^ I 7^ 



where C depends only on k, Bjr, B-^ and Bj). As noted above, thanks to p.3p . this gives ||o"o||?|+i < 
K, for a constant K depending only on q, k, Bjr, B-}i and Bx>- Then, using the fact that the evolution 
(ll.lSp is a bounded in all L^ norms and is uniformly bounded for t G [0, 1], we obtain such a bound 
also for ||(Ti||^_|_-^ (recall that, by assumption, t G [0, T] C [0, 1]). 

By p.24p . W2(o-o,o-i) < Cy/T. Pick e > 0, and choose q so large that 

4g - 3 ^ ^ g-1 ^ 1-e 
> 1 — e and > . 

4g + 2 - ' 

We then have 



|ao - ai||2 < c ( 1 + (^2^) J r(i-)/^ + cr(i-)/8 
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Next, we estimate, for non-negative functions / on M'^, and all R > 0, 
ll/lli = / f{x)dx+ f f{x)dx 

J\x\<R J\x\>R 

Optimizing in R yields 



2 + ;^ / \x\Pf{x)dx . 



1 < C||/||f ^+^) ( / \xnf{x)\dx^'^^'^'^ 



Applying this, we finally obtain 



|(To - <7l 



1^ < C f 1 + (^ '^HLSH V ^ ^^^ j ^p(i_,)/4(p+l) ^ ^^p(l-,)/8(p+l) ^ 



D 



3.4 Continuity properties of the Log-HLS functional: proof of Theorem 13.71 

In order to prove Theorem 13.71 we begin with a continuity result for the entropy that is of interest 
in its own right. In this section, p, q, A and B are as in Definition 13. 6i 

The next result states the almost Lipschitz continuity of the entropic part of J-", and is not 
restricted to dimension two. 

3.9 THEOREM. Then there is a constant C , depending only on n, p, q, A and B, such that for 
any p,a ^ Mn,p,q,A,B, 



/ plogp{x)dx— / aloga{x)dx 



< C\\p — a\\i log Up — a\ 



We first prove two lemmas. 



3.10 LEMMA. For all < s < p there is a constant C, depending only on s, n, p, q, A and B, 
such that 

I p\\ogp\{x)dx<CR-' , 

J\x\>R 
for all p G M.n,p,q,A,B and all R > 0. 



Proof. We begin by recalling the following elementary inequality: for all r > 0, 

llogsl < -max{s'',s-''} Vs>0. (3.25) 

r 

Now, pick < 7 < 1 and set 

r := {q - l)-f > . 

We claim that 

\x\P^^-^'^p^+'\x)dx<( [ \x\Pp{x)dx) ([ |p(x)|«dx) . (3.26) 
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To see this, define (3 = q^ and note that /3 + (1 — 7) = 1 + r. Thus by Holder's inequahty, 

|^|P(l-7)pl+r(3.)(i2, = f |x|P(l-^)pl~^(x)/(x)dx 



< 



(|x|P(l-^)pl-T(x))l/(l-T)dx 



1-7 



(p^(x))i/^dx 



from which the claim follows. 

Thus, under the conditions (|3.12|) . with 7 and r chosen as above we have a uniform bound on 
f^n |a;|^(^~'^^p^^'"(x)d2;. Hence, for r and 7 chosen as above, using (|3.25p with s = p{x) we get 

pI log/9|(x)dx < - / p^~^^{x)dx 
{\x\>R}n{p>i} r J\x\>R 



1 



:\p(^-'r)p^+^{x)dx] i?-P(i-T). (3.27) 



/■ J\x\>R 
Next, we want to consider the set {p < 1}. Pick < 5 < 1 and set 

a := p{l — 6) . 

We shall require a > n6 (or equivalently p/n > 5/(1 — 6)), which is always satisfied for 6 sufficiently 
small. 

Then, by (j3.25p (with r = 5 and s = p{x)) and Holder's inequality, for all a > n6 we have 

1 



/, 



{\x\>R}n{p<i} 



pI logp|(x)dx < 



,1-5 



\x\>R 



p'-''{x)dx 



I f ixiV"^wkr"dx 

^ J\x\>R 



1 
< - 

- <5 



|a/(l-5) 



p{x)dx 



1-5 



|x|^p(x)dx 



1-5 



\x\>R 

xr"/^dx 



5 



\x\>R 



Computing 



^I^d2 



n\B'^\5 



\x\>R 



a — nS 



1 I n—(a—n5)/5 



and recalling the definition of a, we obtain 



1 



p|logp|(x)dx < - [ \x\Pp{x)dx 



^1-^1 1^ ] ^-(p(l-5)-n5) 

a — nd 



' {\x\>R}n{p<i} 

(Here and in the sequel, \B^\ denotes the Lebesgue measure of the unit ball in M".) Combining 
this bound with (j3.27p and choosing both 7 and S sufficiently small, we have the result. D 

3.11 LEMMA. For allO <t < q, p e Mn,p,q,A,B, and R> 0, and for all < e < 1/e, it holds 



\x\<R 



plog p{x)dx 



o"logcr(x)dx 



x\<R 



< 



2|loge| 



2e\B^'\R- + --e'i-\\p\\l + ||a|m + \\p - a\ 



t-1 



(3.28) 
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Proof. Pick e with < e < 1/e and define 

peix) := < 



e if p{x) < e 

p{x) if e < /3(x) < 1/e 

1/e if p(x) > 1/e 



Note that s i— )• slogs is decreasing on (0, 1/e), so 

|slogs — eloge| < e|loge| VsG(0,e] 
Therefore, 



plogp{x)dx— / pelogp^{x)dx 

{\x\<R}n{p<e} -'{|a;|<-R}n{p<e} 



In an analogous way, 



p{x)dx — / pe{x)dx 

{\x\<R}n{p<6} -'{|2:|<-R}n{p<e} 



< el^i^li?*^ 



Next, by Chebychev's inequahty, \{p > l/e}| < e''||/o||g. Thus, for any 1 < t < q, applying (|3.25p 
with r = t — 1 we get 



/ 

Jilx 



{\x\<R}n{p>l/e} 



plogp{x)dx < 



1 



t-l 



p {x)dx 



{\x\<R}n{p>l/e} 

< j^llHI^(|{p>i/£)ll)"'"" 

< ^.'-'IIPlI?. 



Hence, 

In a similar way. 



plogp{x)dx— / pelogp^{x)dx 

{\x\<R}n{p>l/e} J{\x\<R}n{p>i/e} 



< — .'-'iwi; . 



/ p{x)dx — / 

J{\x\<R}n{p>i/t} J{\i 



l{\x\<R}n{p>l/e} 

Thus, combining all these estimates together, we have 



Pe{x)dx 



<^'''\\p\\t 



plogp{x)dx — / pelogpe{x)dx 

{\x\<R.} J{\x\<R} 



1 



< e|loge||5]^|i?" + ^-^e«-*||p||« , (3.29) 



and 



f \p - pe\dx < e\B'^\R'' + e^-^Ml . 

J\x\<R 

Of course, we have the analogous estimates for a. 



(3.30) 
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Next, we observe that the derivative of s i— )• slogs on [e, 1/e] is bounded by 2|loge|. Hence, 
since p^ and a^ are bounded below by e and above by 1/e, 

\pelogPe{x) — (Telog(Te(x)l < 2| loge\\pe{x) — (Te(x)| V X G M" . 

Integrating over {|x| < R} we find 

/ \Pe'^ogp^{x) -a,\oga,{x)\<2\loge\ {p^ix) - aeix)\dx . 

J{\x\<R} J{\^\<R} 

Combining this with (|3.29p . (|3.30p . and the corresponding estimates for a, we obtain (|3.28p . D 

Proof of Theorem \3.9[ Combining the last two lemmas, for any s G (0,p), t £ (1, q) and i? > 0, we 
have 



/ \plogp{x) - aloga{x)\ <CR '* + 2|loge| 



2e\B^\R- + -l-e«~*(|p||^ + ||ct||^) + \\p - a||i 



Choosing R = (e|loge|) '^" '^' , and recalling that we can take s close to p and t close to 1, we 
obtain 

/ \plogp{x) -crloga(x)| < Ce"^ + | loge|||p - cr||i , 

for any < m < min < ^^ , q — I >. Choosing e = \\p — (7||]^ , we conclude the proof. D 

In the rest of this section we are concerned only with n = 2. Given a mass density p on M? such 
that 

/ log(e + |xp)/9(x)dx < oo , (3.31) 

the Newtonian potential energy of p is given by 

^[p]-= / /o(a;)log|x-y|/j(y)dxdy . (3.32) 

By the elementary inequality 

log+ |x - y|+ < log 2 + log+ |x| + log+ \y\ , 

(recall that log_|_ denotes the positive part of log), the condition (j3.3ip ensures that the integral in 
(|3.32p is well-defined, though possibly with the value — oo. 

3.12 LEMMA. With p, q, A and B as in Definition \3.(A for all < e < 1, there is an explicitly 
computable constant C depending only on e, p, q, A and B such that and all p,cr £ J^2,p,q,A,B, 

\U[p]-U[a]\<C\\p-a\\'r .. 

Proof. We define 

^+[p]-= / Pix)log^\x-y\p{y)dxdy and K_[p] := / p(x) log_ |x - y|/)(y)dxdy . 

JIR2 J^2 J^2 J^2 
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Then using log_|_ |x| < (l/r)|x|'" (see (|3.25p ) and likewise for y, we obtain 

\U+[p]-U+[a]\ < [ \p{x)-a{x)\( [ {2 + log_^\x\+log^\y\My) + a{y)]dy)dx 

< C [ |/)(x)-(t(x)| f l + -|xr' )dx . 
Hence, if r G (0,p), using Holder's inequality we can estimate 

/ \p{x) - a{x)\^P-''^/P\p{x) - a(x)r/P|a;rdx < \\p - a||i^~''^/*' ( [ [p{x)\x\P + a{x)\x\Pdx] 

JR2 VjR2 J 

Choosing r = ep, we get 

\U4p]-U4a]\<C\\p-a\\l-\ (3.33) 

for some constant C depending only on e, p, A and B. 
Next, for all < r < 2{q - l)/q, by ([5:25]) 

|^/_[p]-^/_H| < [ \p{x)-aix)\( [ log_\x-y\[piy)+a{y)]dy)dx 

< / \p{x)-a{x)\\ -\x-y\-''[p{y) + a{y)]dy] dx 
Jr2 \J{\x-y\<l} T ) 

/ x('/-i)/'/ 

< \ \p{x)-a(xMp%^¥U\\ -|yr'-''/(''-^)dy dx 
7r2 \h\y\<^ '' J 

(9-i)/g 

The integral on the right is clearly finite for our choice of r, and we conclude that 

\U4p\-U4a]\<C\\p-a\\i, (3.34) 

for some C depending only on q and B. Combining (j3.33p and (j3.34p we obtain the result. D 



\p-<y\\i[\\pt + Ma]\ I -|yr'^«/(«-i)dy 



Proof of Theorem 3.1: The theorem follows directly from the results proved in this subsection. D 
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